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Empirical data: signals

Human Heart Rate fMRI signals
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Empirical data: images

Van Gogh’s Painting Hyperspectral image
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Part 1: Multifractal analysis

functional analysis, geometric description and higher-order statistics

Part 2: Bayesian model for single image
from Gaussian random field to data augmented model

Part 3: Bayesian model for multivariate data
Markov field joint prior for multifractal parameters
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Part 1: Multifractal analysis

Multifractal spectrum

> Local regularity of X(t) at to

Holder exponent
h(to) 2 sup, {a: |X(t) — X(t)] < C|t — t]°} 0<a

h(to) — 1 = smooth, very regular,
h(to) — 0 = rough, very irregular

X(0)
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Part 1: Multifractal analysis

Estimation: Multifractal formalism

» D(h) in practice ~— multifractal formalism [Parisiss]
» Multiresolution quantities
d(j, k) : DWT coefficient

X(0)

K|
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Estimation: Multifractal formalism
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Estimation: Multifractal formalism
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Part 1: Multifractal analysis

Multifractal spectrum and log-cumulants

- Polynomial expansion: D(h) = mingo (d + gh — ((q))
o0 4
C(q) = szl Cp% a Do
0 h
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Part 1: Multifractal analysis

Intuitions: self-similar properties
Changing the global regularity ~ ¢;
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Intuitions: multifractal properties

Changing the regularity fluctuations ~ ¢,
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-12
-13
14 /"\H—H"—""\O\H
-15
-16 0.5
-17
18 —1-0.11
10 ~0.36
20 log,o(w)] o h
-10 -8 -6 -4 -2 0 0 0.5 1

— beyond 2nd order
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Part 1: Multifractal analysis

Intuitions: multifractal properties

Changing the regularity fluctuations ~ ¢

X(t)

diff(X (1)

Spectrum, DWT (g = 2)

Leaders (g = £2)

MF formalism

10

-11

LWT S(w,q)

D(h)

c;; = 0.63
co; = —0.073

— beyond 2nd order
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Part 1: Multifractal analysis

Intuitions: multifractal properties

Changing the regularity fluctuations ~ ¢

X(t)

diff(X (1)

Spectrum, DWT (g = 2)

Leaders (g = £2)

MF formalism

10

-11

LWT S(w,q)

D(h)

c11 = 0.64
o1 = —0.083

— beyond 2nd order
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Changing the regularity fluctuations ~ ¢
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Part 1: Multifractal analysis

Intuitions: multifractal properties

Changing the regularity fluctuations ~ ¢

X(#) dfE(X (1)
Spectrum, DWT (g = 2) Leaders (g = +2) MF formalism
-10
a1 LWT S(w, q) D(h) o = 08 02
h
0.5 1

— beyond 2nd order
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Part 1: Multifractal analysis

Multifractal analysis: Applications

Successful use in large panel of applications of very different natures
physics (hydrodynamic turbulence, astrophysics and stellar plasmas,
statistical physics, roughness of surfaces, ...)
biology (human heart rate variabilities, fMRI, physiological signals or
images, ...)
geology (fault repartition)
population geographical repartition, social behaviors
computer network traffic
finance and financial markets
texture analysis
Art investigation

linguistic and text analysis

A Bayesian estimator for the multifractal analysis of multivariate images 9/37



Part 1: Multifractal analysis

Estimation of the multifractality parameter ¢,

» Estimation of ¢ is challenging

- linear regression based estimation | Var[In£(j, k)] = + c2In2

Hyperspectral image [sheeren'11]

wave length |
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» Estimation of ¢ is challenging

- linear regression based estimation ‘ Var[In£(j, k)] = + c2In2 ‘

X poor estimation performance — need large image (patch)

Hyperspectral image [sheeren'11]

wave length |

Goal: improve estimation

(= 4096 pixels, 2 scales only)
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Part 1: Multifractal analysis

Estimation of the multifractality parameter ¢,

» Estimation of ¢ is challenging

- linear regression based estimation ‘ Var[In£(j, k)] = + c2In2 ‘

X poor estimation performance — need large image (patch)

Hyperspectral image [sheeren'11]
1. Bayesian estimation for ¢ for single image

- robust semiparametric model for log-leaders
[TIP15,ICASSP16] — Part 2

wave length |

Goal: improve estimation

> o1 maps, patch size 64 x 64

(= 4096 pixels, 2 scales only)
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Part 1: Multifractal analysis

Estimation of the multifractality parameter ¢,

» Estimation of ¢ is challenging

- linear regression based estimation ‘ Var[In£(j, k)] = + c2In2 ‘

X poor estimation performance — need large image (patch)

Hyperspectral image [sheeren'11]
1. Bayesian estimation for ¢ for single image

- robust semiparametric model for log-leaders
[TIP15,ICASSP16] — Part 2

2. Bayesian estimation for ¢, for multivariate data

wave length |

- regularization using Markov field joint prior
[EUSIPCO16,ICIP16,511MS18] — Part 3

Goal: improve estimation

> o1 maps, patch size 64 x 64

(= 4096 pixels, 2 scales only)
A Bayesian estimator for the multifractal analysis of multivariate images

1037



Part 1: Multifractal analysis

functional analysis, geometric description and higher-order statistics

Part 2: Bayesian model for single image
from Gaussian random field to data augmented model

Part 3: Bayesian model for multivariate data
Markov field joint prior for multifractal parameters
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Part 2: Bayesian model for single image

Gaussian random field model for log-leaders (1/2)

» Marginal distributions: log-Normal always good fit for multiscale

histograms of multifractal cascades [Mandelbrotoo]

— log-leaders well approximated by Gaussian

| 1G, k) = In£(j, k) ~ N(E[I(j, k)], Var [1(j, k)]) |

[ICASSP13,TIP15]

LK) = supy gy ldy Ay k)
2] ° ° ° [ ) ° . ° °
j_l L] L] L] L] L] L] L] L] L] L] L] L] o L] L] L]
2 <—NT 3]
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Part 2: Bayesian model for single image

Gaussian random field model for log-leaders (1/2)
» Marginal distributions: log-Normal always good fit for multiscale

histograms of multifractal cascades [Mandelbrotoo]

— log-leaders well approximated by Gaussian ICASSP13 TIP15]

| 1G, k) = In£(j, k) ~ N (E[I(j, k)], Var [1(j, k)]) |

log-leaders /(2, ) log-leaders (3, ) log-leaders /(4, )

s

empirical marginals (qq-plots)

Multifractal random walk (MRW) [Bacry01,Robert10]
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Part 2: Bayesian model for single image

Gaussian random field model for log-leaders (1/2)
» Marginal distributions: log-Normal always good fit for multiscale

histograms of multifractal cascades [Mandelbroto0]

— log-leaders well approximated by Gaussian ICASSP13,TIP15]

| 1G, k) = In£(j, k) ~ N (E[I(j, k)], Var [1(j, k)]) |

log-leaders /(2, ) log-leaders (3, ) log-leaders /(4, )

-

4
H+

* ‘ i

empirical marginals (qq-plots)

Log-Poisson Cascade [Mandelbrot]
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Part 2: Bayesian model for single image

Gaussian random field model for log-leaders (2/2)

» Mean
E[I(j, k)] = ¢ + jc1 In2 (discarded below)

» Variance-covariance

Var[1(j, k)] = & + jca In2
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Part 2: Bayesian model for single image

Gaussian random field model for log-leaders (2/2)

» Mean
‘ E[I(j, k)] =+ jei In2 ‘ (discarded below)

» Variance-covariance
Var[1(.K) ] = &€ + jea In2]

- asymptotic covariance decay: [Arneodo9s]
— linear in log(Ak)
— controlled by (c2, &)

log-leaders, j=2: Cov(k,k + A)

logy(A)

log, (7%
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Part 2: Bayesian model for single image

Gaussian random field model for log-leaders (2/2)

» Mean

E[I(j, k)] = ¢ + jc1 In2 (discarded below)

» Variance-covariance

Var[1(j, k)] = & + jca In2

- asymptotic covariance decay:
— linear in log(Ak)
— controlled by (e, c?)

[Arneodo98]

0.2

log-leaders, j=2: Cov(k,k + A) —— covariance model g;p

o015 ——sample covariance

o1

Ak = Ak

0 2 logar 4 6

logy(A)

log, (7%

— piecewise logarithmic model g; (., .0y(Ak) lICASSP15,TIP15]

with parameters (¢, cJ) — Covariance matrix Y (e

A Bayesian estimator for the multifractal analysis of multivariate images 12/37




Part 2: Bayesian model for single image

From a standard likelihood w.r.t. (¢, cJ) ...
— log-leaders at scale j: ;= (I(j,1),1(j,2),...)
p(lj|(c2, 9)) ox (det T, o)) "> exp (— (sz e)li)/2)

covariance model g
——sample covariance

Ak = Ak
e ; 0 2 lomr 4 6
empirical marginals (qq-plot) and covariance

A Bayesian estimator for the multifractal analysis of multivariate images
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From a standard likelihood w.r.t. (¢, cJ) ...
— log-leaders at scale j: ;= (I(j,1),1(j,2),...)
p(lj|(c2, 9)) ox (det T, o)) "> exp (— (sz e)li)/2)

— inter-scale mdependence assumptlon l= [J1 e ]T

P C27C2 X H l | C2,C2))

’J1

covariance model g
——sample covariance

\\

N

s ; 0 2 logr 4 6
empirical marginals (qq-plot) and covariance
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Part 2: Bayesian model for single image

From a standard likelihood w.r.t. (¢, cJ) ...
— log-leaders at scale j: ;= (I(j,1),1(j,2),...)
p(lj|(c2, 9)) ox (det T, o)) "> exp (— (sz e)li)/2)

— inter-scale mdependence assumptlon l= [J1 e ]T

P C27C2 X H l | C2,C2))

’Jl

covariance model g
——sample covariance

i :
empirical marginals (qq-plot) and covariance

X inversion of ZJ-,(CLCg) prohibitive — Whittle approximation
X constraints: ¥; , 0y p.d. — reparametrization
X conjugacy of priors for parameters — data augmentation
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Part 2: Bayesian model for single image

...to a data augmented likelihood [rip1s cAsspe)

1. Whittle approximation = Fourier transform (DFT) of centered log-leaders I;

Js(e2,c3

_ Yiy;
y;=DFT(l;) — p(lj|(c2, &) o |F; (1 0)|exp (“)

Jr(c2,¢9)
— Fo@ =diaglf) .0 Fi o)
fj’(cz’cg): spectrum associated with model gj,(cg,cg)(Ak)

pll(c, c2))
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Part 2: Bayesian model for single image

...to a data augmented likelihood [rip1s cAsspe)

1. Whittle approximation = Fourier transform (DFT) of centered log-leaders I;

Js(e2,c3

_ Yiy;
y;=DFT(l;) — p(lj|(c2, &) o |F; (1 0)|exp (“)

Jjr(c2,¢9)
— Floq =diagf) 69 o)
X - F(c,,0) > 0: joint constraints on parameters

pll(c, c2))
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Part 2: Bayesian model for single image

...to a data augmented likelihood [rip1s cAsspe)

1. Whittle approximation = Fourier transform (DFT) of centered log-leaders I;
— DF i i 0 f—l yJ*yJ
Y= DFTW) — plben ) x IF L, gyl (227
Jjs(e2,ed

— F( 0) = dlag(fﬂ’(

2,65

X - F(c,,0) > 0: joint constraints on parameters

c,e9)r fj27(62763))

2. Reparametrization = independent positivity constraints on parameters

& = (0, 1) £ ¥((c, CS)) eR? —  separable F = coF0 + 1 F1

©2,c9)

Fo, F1 diagonal, positive definite, known and fixed

pll(e,z) —  pllle)
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Part 2: Bayesian model for single image

...to a data augmented likelihood [rip1s cAsspe)

1. Whittle approximation = Fourier transform (DFT) of centered log-leaders I;
— DFT(1: ) 0 f1 .Yf)’j
Y= DFTW) — plben ) x IF L, gyl (227
Ji(e2,c3

— F( 0) = dlag(fﬂ’(

2,65

X - F(c,,0) > 0: joint constraints on parameters

c,e9)r fj27(62763))

2. Reparametrization = independent positivity constraints on parameters

& = (0, 1) £ ¥((c, CS)) eR? —  separable F = coF0 + 1 F1

©2,c9)
Fo, F1 diagonal, positive definite, known and fixed

X - conjugacy of priors for ¢2: LH does not factor in ¢;¢ and ¢

pll(e,z) —  pllle)
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Part 2: Bayesian model for single image

.to a data augmented likelihood [mP1s CASSPIg

1. Whittle approximation = Fourier transform (DFT) of centered log-leaders I;
1 YiYi
y; = DFT(l;) p(L] (e, c2)) los |f (. |exp o
Jjs(e2,ed

— Fg0) =diagf ()5 Fly ()

X - F(c,,0) > 0: joint constraints on parameters
2. Reparametrization = independent positivity constraints on parameters

& = (0, 1) £ ¥((c, cg)) eR? —  separable F = coF0 + 1 F1

(2, c
Fo, F1 diagonal, positive definite, known and fixed

X - conjugacy of priors for ¢2: LH does not factor in ¢;¢ and ¢

3. Data augmentation = introduce hidden mean p; for y; [Tanner'87, van Dyk'01]
= complex Gaussian model for DFT y = [YL' 7sz] of log-leaders

ylp, 20 ~ CN(p,c20Fo) observed data
plean ~ CN(0,c:F1) hidden mean

pll(c.2)) — pllle) —  ply, ple) o« p(y|p, o) p(plcn)
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Part 2: Bayesian model for single image

Augmented likelihood based Bayesian model jcasseie
» Augmented likelihood w.r.t. ¢ = ¥((c2, c5))
_ 1 _ _ 1 _
p(y, ple2) o e exp (— —(y-m)"F; 1(y—u)) x o Wexp ( ——u"F; lu)
20 €1

» Prior distribution for parameters
¢ as variance of Gaussian

— inverse-gamma prior ¢;; ~ ZG (v, 8i) is conjugate

» Posterior distribution
p(ez, ply) o p(y, ple2)p(c2o)p(c21)
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Part 2: Bayesian model for single image

Augmented likelihood based Bayesian model jcasseie

» Augmented likelihood w.r.t. ¢ = ¥((c2, c5))

1 _ B 1
(y—n)"Fq 1(y—u)) x e Wexp ( _ZNHFI lu)
1

p(y, ple2) oc 20~ ™ exp (— —
20

» Prior distribution for parameters
co; as variance of Gaussian

— inverse-gamma prior ¢;; ~ ZG (v, 8i) is conjugate

» Posterior distribution
p(ez, ply) o p(y, ple2)p(c2o)p(c21)

» Bayesian estimators
— marginal posterior mean estimator (MMSE) ;"™°t = E[cy|y]
» Gibbs sampler
p(plc2,y) closed-form Gaussian distribution
p(cailcairzis b, y) closed-form inverse-gamma distributions
all standard distributions — no Metropolis-Hasting moves
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Part 2: Bayesian model for single image

Does it work?

> Wavelet transform — Daubechies’ mother wavelet (N,

» Sample sizes and analysis scales

2D multifractal Random walk (MRW)

(N[ 2° [27 ] 27 [ 27 [ 2% | 2F |

AL 1 2 22 2
2 2 3 4 5 6 7
small large

» Prior specification — non informative priors

- & ~ IG(ai, Bi) with (ai, i) = (1073,1073) ~ Jeffreys' prior

» Estimation performance

MEAN BIAS STD RMSE
Me,; = IE[CAL] bc2,- = Mg,; — C2; Sey; = \/\7;!’[62,] Ty, = m

— assessed on 100 independent realizations

A Bayesian estimator for the multifractal analysis of multivariate images
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Part 2: Bayesian model for single image

Estimation performance for ¢p;: 2D MRW

0.08
be,
0.06 iF
0.04
MMSE
0.02
ok — = |
0.02 < = ‘32
".0.1 -0.08 -0.06 -0.04 -0.02 -0.1 -0.08 -0.06 -0.04 -0.02 -0.1 -0.08 -0.06 -0.04 -0.02
0.08 be, Sey MRW Tey
0.06 e N o7
0.04
MMSE
0.02 \’\ \/\
S ) o S R
0 >/\f:/) ,,,,,,,,,,,,,,,,,,
c2 Cc2 &)

.02
-0.1 -0.08 -0.06 -0.04 -0.02 -0.1 -0.08 -0.06 -0.04 -0.02 -0.1 -0.08 -0.06 -0.04 -0.02
Estimation performance for c; — 2D MRW — N=2°, 27

- BIAS Bayesian estimator ~ LF estimator
- STD, RMSE Bayesian estimator ~ 1.5 — 4 times below LF estimator

- less than 5 times slower than LF
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Part 2: Bayesian model for single image

Empirical data: hyperspectral image

& Tiii
|

1
|

gl
' 1| ll

10 |
B

wave length

> Cy; maps

linear regression:

> n =64 x 64 patches — spatial coherence
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Part 1: Multifractal analysis

functional analysis, geometric description and higher-order statistics

Part 2: Bayesian model for single image
from Gaussian random field to data augmented model

Part 3: Bayesian model for multivariate data
Markov field joint prior for multifractal parameters

T J_I‘
qf l" |

wave length
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Part 3: Bayesian model for multivariate data
Markov field joint prior for multifractal parameters

L
qf "‘ |

wave length
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Part 3: Bayesian model for multivariate images

Estimation for multifractality parameter c;

» Multifractal formalism: linear regressions

Vv successful for standard situations

wave length

- single data
- homogeneous
- sufficient length

X small size piece of data

> Generic statistical model for log-leaders (Part 2)

— additional model assumptions for single data
Vv improved estimation performance — small size
./ Bayesian model and estimators

./ fast estimation algorithm
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Part 3: Bayesian model for multivariate images

Estimation for multifractality parameter c;

» Multifractal formalism: linear regressions

Vv successful for standard situations

- single data
- homogeneous
- sufficient length

wave length

X small size piece of data

> Generic statistical model for log-leaders (Part 2)

— additional model assumptions for single data
Vv improved estimation performance — small size
./ Bayesian model and estimators

./ fast estimation algorithm

» Many data components: multivariate / joint estimation?
— organization of data components: prior information, regularization

— improve estimation

A Bayesian estimator for the multifractal analysis of multivariate images 19/37



Part 3: Bayesian model for multivariate images

Multifractal analysis for multivariate images?

» Motivations
— naturally multivariate data
— multi-temporal, multi-band, multi-modal, voxels,. ..

— non-homogeneous data
— localize: collection of small homogeneous pieces

— joint analysis of the whole dataset? [Prats-Montalban'11]

DL I
o

wave length
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Part 3: Bayesian model for multivariate images

Multifractal analysis for multivariate images?

» Motivations
— naturally multivariate data
— multi-temporal, multi-band, multi-modal, voxels,. ..

— non-homogeneous data
— localize: collection of small homogeneous pieces
— joint analysis of the whole dataset? [Prats-Montalban'11]

» Multifractal analysis of multivariate images? [Meneveau90,HW.ctal 18]
— intrinsically univariate definition of the multifractal spectrum D(h)

X multivariate spectrum: conceptual limit ~pair of time series / images

nugd]]
T “

wave length
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Part 3: Bayesian model for multivariate images

Multifractal analysis for multivariate images?

» Motivations
— naturally multivariate data
— multi-temporal, multi-band, multi-modal, voxels,. ..

— non-homogeneous data
— localize: collection of small homogeneous pieces

— joint analysis of the whole dataset? [Prats-Montalban'11]

» Multifractal analysis of multivariate images? [Meneveau90,HW.ctal 18]
— intrinsically univariate definition of the multifractal spectrum D(h)

X multivariate spectrum: conceptual limit ~pair of time series / images

— joint estimation of multifractal parameters

nugd]]
T “

wave length
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Part 3: Bayesian model for multivariate images

Images: multivariate scenarios

1D

- 1D — temporal/spectral sequence of images
- 2D — spatial patches (e.g., patched-based local multifractal analysis)

- 3D — spatio-temporal/spectral patches

A Bayesian estimator for the multifractal analysis of multivariate images 21/37



Part 3: Bayesian model for multivariate images

Images: multivariate scenarios

- 2D — spatial p! tifractal analysis)

- 3D — spatio-te

@© P. Ciuciu, Parietal, INRIA
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Part 3: Bayesian model for multivariate images

Images: multivariate scenarios

1D

- 1D — temporal/spectral sequence of images
- 2D — spatial patches (e.g., patched-based local multifractal analysis)

- 3D — spatio-temporal/spectral patches
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Part 3: Bayesian model for multivariate images

Strategy: hierarchical Bayesian model

single data

data 3%
param. 0

LH p(y16)
prior p(9)

posterior  p(fly) o< p(y|0)p(6)

independent/univariate priors

@8
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Part 3: Bayesian model for multivariate images

Strategy: hierarchical Bayesian model

single data — multivariate data

data y 1, Y2, cee YK
param. 0 01, 0, , Ok
LH p(y10) p(y1101), p(y2102), - - -, P(yk|Ok)
prior p(0) p(61), p(02),.... p(Ok)

posterior  p(fly) o< p(y|0)p(6)

independent/univariate priors

@) (51,52) (61,62)(61,62) (61,62)
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Part 3: Bayesian model for multivariate images

Strategy: hierarchical Bayesian model

single data — multivariate data

data y Y1, Y2, - YK
param. 0 01, 02, , Ok

LH p(y[0) p(y1(61), p(y2102). ..., P(yk|0k)
prior p(e) p(ala 027 R 9K|/3)

posterior  p(fly) o< p(y|0)p(6)

joint prior

@8 (51,52) (61,62)(61,62) (61,62)
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Part 3: Bayesian model for multivariate images

Strategy: hierarchical Bayesian model

single data — multivariate data

data y 1, Y2, - , VK
param. 0 01, 0, , Ok

LH p(y[0) p(y1161), p(y2102), - . ., P(yk |0k)
prior p(0) p(61, O, ... , 0k|B)
posterior  p(Q|y) x p(y|8)p(8) p(01,02,...,0k|y1,y2,- -, YK, 1)

o (szl p(ykl0i))p(61. 62, ..., 0k. )

joint prior

@8 (51,52) (61,62)(61,62) (61,62)
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Part 3: Bayesian model for multivariate images

Strategy: hierarchical Bayesian model

single data — multivariate data

data y 1, Y2, - , VK
param. 0 01, 0, , Ok

LH p(y[0) p(y1161), p(y2102), - . ., P(yk |0k)
prior p(0) p(61, O, ... , Ok|B)p(B)
posterior  p(A|y) x p(y|8)p(8) p(01,02,...,0k,B|y1, Y2, - YK)

x (Hle P(ykl0k)) p(01. 02, . ... 0k|3)p(5)

joint prior hyper-prior

@8 (51,52) (61,62)(61,62) (61,62)
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Part 3: Bayesian model for multivariate images

Strategy: hierarchical Bayesian model

For decomposition of image X into spatial patches Xy

1. Statistical model p(yk, x| €2 )

_ T
- ¢ = [c20,k; €21,k]
- yx Fourier coefficients
- g hidden mean

2. Prior independence between patches: LH

Patches X,
p(Y, M[C2) o< [T,p(y, ticl2k) k= (1. o)
my =1,..., Ny
- G ={cp, 21} with &2; = {2 k }k m=1,..., Ny
=Y ={yk}k
- M o= {p e
» Posterior independent/univariate priors

p(C2,Z,M|Y, p) x p(Y,M|C2) xTTrg [1ip(ci ke, B)
N——— | ———

augmented likelihood independent ZG priors

A Bayesian estimator for the multifractal analysis of multivariate images 23/37



Part 3: Bayesian model for multivariate images

Strategy: hierarchical Bayesian model

For decomposition of image X into spatial patches Xy

1. Statistical model p(yk, x| €2 )

_ T
- ¢ = [c20,k; €21,k]
- yx Fourier coefficients
- g hidden mean

2. Prior independence between patches: LH

Patches X,
p(Y,M|Cy) o< TTxp(y, 1kl €2i) k= (1, me)
my =1,..., Ny
- Gy = {c20, €21} with &2 = {2 i}k m=1,..., Ny
=Y ={yk}k
- M = {ne
» Posterior — design of regularizing joint priors for C,
1
p(C2,Z,M|Y,p) X p(Y’M|C2) ><l_Iizo Hkp(CZI,k|a7ﬁ)
—_—— ————

augmented likelihood independent ZG priors
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Part 3: Bayesian model for multivariate images

Gamma Markov random field (GaMRF) prior for C,

» Posterior independent/univariate priors

p(C2, Z,M|Y, p)ocp(Y,M[C2) TTi_o IT,p(coi k|, B)
——— N—————

augmented likelihood independent ZG priors

» Regularization — specify («, 8) = (ak, 8k) within a hidden GaMRF

» Joint GaMRF prior for Cy;, i = 0,1

— enforces smooth evolution of variances of Gaussian [Dikmen'10]
—k,
oL
[ ] .v‘ L]
. . .
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Gamma Markov random field (GaMRF) prior for C,

» Posterior independent/univariate priors

p(C2,Z,M|Y, p)cp(Y,M[C2) TIio [ p(coriclr, )
——— N—————

augmented likelihood independent ZG priors
» Regularization — specify («, 8) = (ak, 8k) within a hidden GaMRF

» Joint GaMRF prior for Cy;, i = 0,1
— enforces smooth evolution of variances of Gaussian [Dikmen'10]

- positive auxiliary variables z; = {z; ¢}k, i = 0,1

—k,
Lvo ° .
’ ° °
. e °
° .
o ° °
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Part 3: Bayesian model for multivariate images

Gamma Markov random field (GaMRF) prior for C,

» Posterior independent/univariate priors

p(C2,Z, MY, p)ocp(Y, M|Ca) [Ti—g [T,p(c2iklev, )
——— N— ——

augmented likelihood independent ZG priors
» Regularization — specify («, 8) = (ak, 8k) within a hidden GaMRF
» Joint GaMRF prior for Cy;, i = 0,1

— enforces smooth evolution of variances of Gaussian [Dikmen'10]

- positive auxiliary variables z; = {z; ¢}k, i = 0,1

- each ¢;  is connected to 4 variables z; L_’kv'/
k' €V, (k) = {(mi,m) + (b, )} =01 | -
via edges with weights p; . K .
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» Regularization — specify («, 8) = (ak, 8k) within a hidden GaMRF
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— enforces smooth evolution of variances of Gaussian [Dikmen'10]

- positive auxiliary variables z; = {z; ¢}k, i = 0,1

- each ¢;  is connected to 4 variables z; L_"ku
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via edges with weights p; . )
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Part 3: Bayesian model for multivariate images

GaMREF prior for Cy: density and conditionals

1 ) ) _LZ , Z
) 1) — ] [ —(4pi+1)Inc2; i A(4pi—1) Inz; @ k 2=k €V (k) %Pk
p(C2,, zl|pl) K(pi) ke € x e

1 ian o — LS, z
__Hk » (4p'+1)zi,k(4p/ 1) o o @ik K ek

g C i
K(pi) k
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Part 3: Bayesian model for multivariate images

GaMREF prior for Cy: density and conditionals

1 _ . L ) R Z; !
D(Car. Zi|pr) = [ cnselon Dz g~ Zwewan 7
K(pi)* 1k
o
= : H C2'k_(4p"+1)2‘k(4p"_1) X e_ﬁz“/e"v(“)z”'“
K(pi)t k" "

- Conditionals for cp; k: — inverse-gamma

— . —LZ Z; gt
P(C2i,k|zi7pi)O(C2i,k (4p,+1)e G 2kl €V (k) Zik

~ ZG(Apis pid_krev, (k)i k')
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Part 3: Bayesian model for multivariate images

GaMREF prior for Cy: density and conditionals

P
p(C2i~ z’|p,) — 1 I I e—(4pi+1)|n C2i,ke(4p/'_1)|nzi,k % e_ 2k Zk’Evv(k) Zi k!
' k

K(pi)
o
B e NV DN
2i,k ik
K(pi)+*k
- Conditionals for cp; k: — inverse-gamma

— . —LZ ’ Z; gt
p(Coi k| Ziy pi) o cojp PN e @ik Sk eVl Tk

~ ZG(Apis pid_krev, (k)i k')

- Conditionals for z k: s gamms
L __Pi_ Z z
p(zi k|Ca;, pi) x Z’.’k(4p, 1)er e S vyt ik
X Zzj k(4pi—1)e_2k62pﬁ Sk evy (k) ik

> 1
X Z;j k(4pi*1)eip'thZk”EVZ(k) 2 k!
I
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Part 3: Bayesian model for multivariate images

Bayesian model with independent ZG priors (~ Part 2)

» Posterior independent/univariate model
1
p(c27 Za MlYa «, B) OCP(Y7 M|C2) ><l_[i:0 Hkp(c2i,k|af7 B/)
augmented likelihood independent ZG priors
» Bayesian estimator — marginal posterior mean

CMVSE — E[C2|Y, 0] p = (po,p1)

N,
~» MMSE 1 s
C, N e E Cz(s)
ch - Nbi s=Np+1

with {C,9), M) }Nme generated via an MCMC algorithm
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Part 3: Bayesian model for multivariate images

Bayesian model with GaMRF prior

» Posterior multivariate model
1
P(C2,Z,M|Y, p)ocp(Y,M[|C2)  x][;_op(C2;. Zilpi)
—_——— —_——
augmented likelihood GaMRF priors
» Bayesian estimator — marginal posterior mean

CZMMSE = IE[C2|Y7P] p= (Poapl)

N,
~ MMSE 1 s
C2 ~ — E Cz(s)
ch - Nbi s=Np+1

with {C-z(s)7 M(s),Z(s)}Q’gi generated via an MCMC algorithm
» Hyperparameters

— p not estimated here, manually fixed
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Part 3: Bayesian model for multivariate images

Gibbs sampler with independent ZG priors (~ Part 2)

1. Sampling of hidden means p,
p(1elC2,  Y,p) closed-form Gaussian distributions

2. Sampling of parameters c; &

p(cikl M,Y,p) closed-form inverse-gamma distributions
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Part 3: Bayesian model for multivariate images

Gibbs sampler with GaMRF prior

1. Sampling of hidden means p,

pP(1e|C2,Z,Y, p) closed-form Gaussian distributions
2. Sampling of parameters c; &

p(c2iklZ,M, Y, p) closed-form inverse-gamma distributions
3. Sampling of auxiliary variables Z

p(zi k|C2, M, Y, p) closed-form gamma distributions

v direct sampling for all conditional distributions

— efficient sampling scheme, tailored for large datasets
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Numerical illustrations

Synthetic multivariate multifractal image

— sequence of heterogeneous 2D multifractal multiplicative cascades

- Fas

Piecewise const. ¢ Piecewise const. ¢

3

& 5 8 B

Sequence of MRWs

Frame (t = 30)

0

o | ‘ ‘ ‘ — 3200 % 3200 x 50 pixel cube
002 : - — 50x50x50 patches of size 64 x 64
-0.04 | \—/ Backgrontd { | — analysis scales j1 =1, jo =2
0.06 I | ko Plipse | — parameters p; by cross-validation
10 20 30 40 50
Temporal evolution of Cp; Estimation setting
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Numerical illustrations

Multifractality parameter: single realization

shown slices

-0.01
-0.02
-0.03
-0.04
-0.05
-0.06

-0.01
-0.02
-0.03
-0.04

-0.05

-0.06
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Numerical illustrations

Multifractality parameter: single realization

estimates for Cyy

GaMRF

LF — strong spatial & temporal variability with no possible identification
IG — spatial and temporal variability but rough identification

GaMRF — spatial and/or temporal coherence with clear identification
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Numerical illustrations

Multifractality parameter: single realization

estimates for Cyy

-0.05 -003 -0.01 -0.05 -003 -0.01 -0.05 -003 -0.01
LF — strong spatial & temporal variability with no possible identification

IG — spatial and temporal variability but rough identification

GaMRF — spatial and/or temporal coherence with clear identification
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Numerical illustrations

Multifractality parameter: single realization

k-means classification

45% 3%
LF — strong spatial & temporal variability with no possible identification 54%

IG — spatial and temporal variability but rough identification 45%

GaMRF — spatial and/or temporal coherence with clear identification 3%
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Numerical illustrations

Multifractality parameter: single realization

o

¥

1
o

(¢) K-means classification (d) Classes

LF — strong spatial & temporal variability with no possible identification 54%
IG — spatial and temporal variability but rough identification 45%

GaMRF — spatial and/or temporal coherence with clear identification 3%
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Numerical illustrations

Multifractality parameter: estimation performance

m

log;4(s)

35

log,,(rms)

Ty

t

""" —~~.1:GaMRF:

M ©.— smoothing of sharp transitions

* — reduction of STD/RMSE

3.

(a) Line (t = 10, z2 = 25)

LF IG | GaMRF
[bey,| || 0.0057 | 0.0017 | 0.0023
Sw, || 0.038 | 0011 | 0.0016
r,, || 0.030 | 0.011 | 0.0029

(b) Line (21 = 25, 75 = 25)

STD / RMSE:
— |G ~ 4 times below LF

— GaMRF ~ 10 times below LF
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Numerical illustrations

Multifractal analysis and hyperspectral imaging

» Hyperspectral (HS) imaging
- observation of a scene at many different spectral bands ~ 100

reflect

kx

Spectral information Spatial information

- growing interest for spatial information
(ever increasing spatial resolution of sensors ...)

» Multifractal analysis for textural information?
X limited attempts for HS ~ fractal dimensions / H [Dong'08,5un’06,Yin'12]

—— Multifractal features for textural information

—— lllustration for multivariate Bayesian estimation for multifractality
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Numerical illustrations

Analyzed hyperspectral image

» Madonna hyperspectral dataset [Sheeren'11]
- dataset acquired over Villelongue by Hyspex hyperspectral scanner
- 960 x 1952 pixels with spatial resolution of 0.5m

- 160 spectral bands ranging from visible to near infrared
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Numerical illustrations

Does the model fit real-world data?

[Sheeren'11]
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Numerical illustrations

Does the model fit real-world data?

[Combrexelle-WHISPERS'15] , [Sheeren'11]

sample covariance and model (64 x 64):
0.2

0.15

0.1

0.05

——covariance model g;y
———sample covariance

Aks Aky 0
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Numerical illustrations

Does the model fit real-world data?

[Combrexelle-WHISPERS'15] , [Sheeren'11]

sample covariance and model (256 x 256):

0.2

0.15

0.1

0.05

——covariance model g;
——sample covariance
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Numerical illustrations

Spectral evolution of multifractal features

» Multifractal features vs. reflectance [Combrexelle-WHISPERS 15]
2 ky=62
ky =100
15 ky =120
1} D(h)
0.5
h
0
0 05 1 15
Forested area of interest Multifractal spectrum
0.4 35
0 3
0.3
-0.05 25
01 02 2 wEAN
015} @ ol @ 15
-0.2 1
-0.25 0 ks 05 I
50 100 150 0 50 100 150
Evolution of ¢y g Evolution of c17x  Average reflectance
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Numerical illustrations

Spatio-spectral evolution of multifractal features: Cy;

» Spatio-spectral evolution of Cy;

GMRF 2D 1D

g ‘ HM \\ nik\ta

(a) Area of interest (framed) (b) Estimates ¢y
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Numerical illustrations

Spatio-spectral multifractal features: Cy;

» Histograms of Cy; estimates (k) = 114)

histogram histogram histogram

L 168 GNIRF/SAR

02 01 0 01 02 01 0 01 02 01 0 01

» Fisher linear discriminant criteria of Ca; estimates (ky = 114)

T T T T T T
Fisher linear: discriminant criterion
003 4
0.02 s————LFw B
1G/N
GMRF/SAR
001
o i i I I i i
-0.25 -02 -0.15 -0.1 -0.05 o 005 01 01

— GMRF > IG LF
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Conclusions

Multifractal analysis

— tool for global, geometric description of local regularity fluctuations

h(t) =06

h@)= 06
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Conclusions

Multifractal analysis

— tool for global, geometric description of local regularity fluctuations
n(t) = 0.6

— assessment of statistics / dependence beyond 2nd order

h@)= 06

X(t)

D(h)
1

e = 0.57
cn = —0.003

X(t)

D(h)
1

c11 = 0.65
cn = —0.092
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Conclusions

Multifractal analysis

— tool for global, geometric description of local regularity fluctuations
n(t) = 0.6

— assessment of statistics / dependence beyond 2nd order

h@)= 06

X(t)

D(h)
1

o =057
e = —0.003

h

X(t)

D(h)
1

e = 0.65
cz1 = —0.092

— estimation via multifractal formalism using wavelet leaders

0
[

05

1

signal & image processing tool used in large panel of applications

e.g., physics, financial markets, geology, biology and biomedical (gene
expression, fMRI, ... ), Art investigation, network traffic, . ..
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Conclusions

Multifractal analysis: Bayesian estimation

— Gaussian random field model for log-leaders

e

— Whittle approximation & data augmentation
— data augmented Fourier domain likelihood

covariance model 0
sample covariance
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Conclusions

Multifractal analysis: Bayesian estimation
— Gaussian random field model for log-leaders

02

—— covariance model g;
sample covariance

— Whittle approximation & data augmentation
— data augmented Fourier domain likelihood (~CN)

Multivariate model

— GaMRF joint prior for ¢, of different data components

by =%,

— efficient inference via a Gibbs sampler (large data sets)
— significantly improved estimation performance (gain: factor ~ 10)
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Scale-free dynamics and infraslow macroscopic brain activity

model 1/f5 C self-similar  (C multifractal
analysis | Fourier ——  wavelets —  wavelet leaders

parameters | 8 Hurst H multifractal spectrum D(h)
[Shimizu'04,He'11,Ciuciu'12]

at rest

active [Ciuciu-EMBC'17]

[Wendt-ISBI'18]

] 100 20 30 400

Ph. Ciuciu (CEA) Ph. Ciuciu (CEA)

Collab. P. Ciuciu (CEA, NeuroSpin, France), P. Abry (ENS Lyon, France)
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fMRI data: Experimental design and acquisition

Verbal n-back working memory task (n = 3).

— serially presented upper-case letters (displayed 1s, separation 2s)
— Is letter same as that presented 3 stimuli before?
0-Back 1-Back 2-Back 3-Back

ACXF CDDR CDEDH TDEKDZ

— each run: alternating sequence of 8 blocks
Ob 3b

Session 3 x4

Inst. Inst.
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fMRI data: Experimental design and acquisition

Verbal n-back working memory task (n = 3).

— serially presented upper-case letters (displayed 1s, separation 2s)
— Is letter same as that presented 3 stimuli before?
0-Back 1-Back 2-Back 3-Back

ACXF CDDR CDEDH TDEKDZ

— each run: alternating sequence of 8 blocks
Ob 3b

Session 3 x4
Inst. Inst.

Data acquisition.
— resting-state fMRI images first: participant at rest, with eyes closed
— 543 scans (9minl0s) / 512 scans (8min39s) for rest / task

— fMRI data acquisition at 3 Tesla (Siemens Trio, Germany)
— multi-band GE-EPI (TE=30ms, TR=1s, FA=61, MB=2) sequence
(CMRR, USA), 3mm isotropic resolution, FOV of 192x192x 144mm?
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fMRI data: Experimental design and acquisition

Verbal n-back working memory task (n = 3).

— serially presented upper-case letters (displayed 1s, separation 2s)
— Is letter same as that presented 3 stimuli before?
0-Back 1-Back 2-Back 3-Back

ACXF CDDR CDEDH TDEKDZ

— each run: alternating sequence of 8 blocks
Ob 3b

Session 3 x4
Inst. Inst.

Data acquisition.
— resting-state fMRI images first: participant at rest, with eyes closed
— 543 scans (9minl0s) / 512 scans (8min39s) for rest / task

— fMRI data acquisition at 3 Tesla (Siemens Trio, Germany)
— multi-band GE-EPI (TE=30ms, TR=1s, FA=61, MB=2) sequence
(CMRR, USA), 3mm isotropic resolution, FOV of 192x192x 144mm?

Shown results: (—c2) maps.
— for single subject (arbitrarily chosen from 40 participants).
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Resting-state analysis ((~c2) maps)

Left sagittal Coronal Right sagittal  Axial
; TP LF:
°= | - poor estimation (var!)
° 1G & GaMRF:

o+ f| - estimation var decrease

0.24
011

GaMRF:
oo _ enhanced MF contrast

0055

0028

— significant MF in default mode network (DMN)
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Resting-state analysis ((~c2) maps)

Left sagittal Coronal Right sagittal
“ILF:
°= | - poor estimation (var!)
°1G & GaMRF:

o+ f| - estimation var decrease
- increase of MF in DMN

GaMRF:
oo _ enhanced MF contrast

0.24
011

scale-free  dynamics in
DMN  for resting-state
° fMRI reported before, but
for H only [He INS'11].

0028

— evidence for richer,
MF resting state brain

ooz || dynamics

— significant MF in default mode network (DMN)
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Task analysis: 3-back run ((—c2) maps)

Left sagittal Coronal Right sagittal
“ILF:
°= | - poor estimation (var!)
°1G & GaMRF:

o+ f| - estimation var decrease

0.24
011

0083
0055

0028

— overall MF increase; working memory network (WMN), visual, sensory.
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Task analysis: 3-back run ((—c2) maps)

Left sagittal Coronal Right sagittal
“ILF:
°= | - poor estimation (var!)
°1G & GaMRF:

o+ f| - estimation var decrease
0.24
on g overall increase in MF
during task

[Ciuciu FPhys'12]

0083

0055

0028

— overall MF increase; working memory network (WMN), visual, sensory.
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Task analysis: 3-back run ((—c2) maps)

Left sagittal Coronal Right sagittal
“ILF:
°= | - poor estimation (var!)
°1G & GaMRF:

o+ f| - estimation var decrease
0.24
on g overall increase in MF
during task

[Ciuciu FPhys'12]

0083

0055

oo | GaMRF:
. significant MF in
on g - bilateral parietal regions

belonging to WMN
- occipital cortex (visual)
- cerebellum (sensory)

0020 involved in task

— overall MF increase; working memory network (WMN), visual, sensory.
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Log-cumulants
[Castaing'03]
- For certain classes of processes:

CEL(j,) = EednU) = bq2jf(q)
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Log-cumulants
[Castaing'03]
- For certain classes of processes:

- El(j,)9 = Eed"l) = bq2fg(q)
= 2" characteristic function of In £(j, -):
Co(j) = Cump[In€(j,-)]: cumulant of order p > 1

. P .
InEe?nU) = 3~ c,,(j)% = Inbg+C(q)In2!
- .
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Log-cumulants
[Castaing'03]
- For certain classes of processes:

- El(j,)9 = Eed"l) = bq2fg(q)
= 2" characteristic function of In £(j, -):
Co(j) = Cump[In€(j,-)]: cumulant of order p > 1

. P .
In Ee?™0>) = Z c,,(j)% —In by + ((q) In2

_Zcpo _+ZC"’1 In2

= Vp>1: Colj) = ¢y + Cpy In2
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Log-cumulants
[Castaing'03]
- For certain classes of processes:

- El(j,)9 = Eed"l) = quJC(q)
= 2" characteristic function of In £(j, -):
Co(j) = Cump[In€(j,-)]: cumulant of order p > 1

. P .
In Ee9'n4U-) = Z c,,(j)% — Inby +¢(q)In2

—Zcpo JFZCM

In b ¢(a)

= Vp>1: Co(Jj) = oy + Cpy IN2

= polynomial expansion

q) =0 o
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Summary: log-wavelet leaders statistical model

Linear regression — independence assumption. marginals?
Linear regression
Tor Ix] . 2 N . ~ single homogeneous large size data
Varlx] ~ N(02 +j61,0%)  x~Inlx(j,k) 0~ X small size data piece
"Natural” model — "direct” connection with cascades
p(x|0) = Nx(0,Zg) po(T) — Xg X computation: Z;l? admissible ¢;?
pe(7) = 01p1(7) + 0202(7) covariance model X no conjugate priors for 61, 6
Whittle approximation computation
p(x(0) = I1,, fo(wm) ™ exp(—ymym/fo(wm)) Gibbs V.1
y = DFT(x) X no conjugate priors for 61, 6>
fo(w) = 011 (w) + 62f2(w) PSD model — Metropolis-Hasting moves
Fourier domain model — complex Gaussian & factorized in ym
p(y|0) = CNy (0, diag(fo(wm))) X Var (ym) o< (61 + 602)
— data y = DFT(x) replace data x — no conjugate priors for 61, 6
Data augmented model using latent variables p 01 and 6, are separable
p(y, 1|0) = CNy(p, O1diag(fi(wm))) — conjugate ZG priors for 0y, 0
XCN (0, O2diag(fa(wm))) Gibbs V.2 — fast sampling from
p(y10) = [ p(y, nl|0)dp closed-form conditionals

A Bayesian estimator for the multifractal analysis of multivariate images 43 /37



Model: time-domain statistical model of log-leaders

1. Marginal distribution of log-leaders approximated by Gaussian

l(_],,):h]L(’],,) ~ N(',Cg+C2|n2j)

2. Intra-scale parametric covariance model

‘ Cov[i(j, k),l1(j, k + Ar)] = gj(Ar;v), v=(c, cg) ‘

lT

T
j17.-.7l

> Likelihood of centered log-leaders I; stacked in I = | i
— scale-wise product of Gaussian likelihoods
J2
1
US| %502 exp (—EIJ-TZ;,}I,) , with £, , induced by gj(Ar; v)
J=h
X evaluation of p(I|v) numerically instable

[TIP15]
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Model: Whittle approximation
» Evaluation of the Gaussian likelihood in the spectral domain
J2
pw(lv) o< [T 1Pl exp (=y/'T7y))
J=i
-y, Fourier coefficients of I;

- T}, parametric spectral density associated with g;(Ar; v)

— closed-form expression via Hankel transform
Mv=cFij+cFy F;=dagf,)

> Estimation of v embedded in a Bayesian framework

- space-domain likelihood (approximated) 4+ common priors

X non-standard posterior distribution — acceptance/reject moves
[TIP15)
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Model: Fourier-domain statistical model
» Whittle approximation

O(H|F7 - exp( -F“,yj)
Jj=i
- y; Fourier coefficients of I;

-Tjv=0F;+ & F»; parametric spectral density

0

» Generative model for y = [y;7 7sz]
PyIv) o I exp (—y"'ryy)
- complex Gaussian model y ~ CN(0,T,)
- Ty =cF1 +dF; and F; = block(Fij,,...,Fij)

X model non-separable in (¢, cf)
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Model: Reparametrization
» Non-separable constraints on (¢, c3)

ve A= {(c, ) €R; x RI|F, = :F1 + cIF2 positive-definite}
» Design of a linear diffeomorphism 1)
1 mapping joint constraints into independent positivity constraints
v A—RP?
v P(v) 2 v
2 yielding more convenient likelihood
plylv) o Py Fexp (—y/ Ty ty)  with

r,= élﬁl + §2ﬁ2 positive-definite
for v € R
i F; positive-definite
— separability of the likelihood via data augmentation
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Model: Data augmentation

» Definition of an augmented model

y|p, 02 ~ CN(p,0-F>) observed data

w6 ~ CN(0,6,F) hidden mean
with

p(y|v) = / p(y. plv)dps

> Virtues of the augmented likelihood p(y, p|v)

5 — 1 E— = 1 ~—1
p(y, plv) o< 0~ exp (* Z(y,H)sz ](yfu)) x 01" exp ( féquFl u)
2 1

./ separable in (61, 65)

i conjugate to inverse-gamma priors
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MCMC algorithm

> Strategy of Gibbs sampler

- iterative sampling according to conditional laws
- non-standard conditional laws — Metropolis-within-Gibbs

- computation of acceptance ratio at each iteration

detX(v e -
rCZ \/detT x gexp (77[ (Zjvv(v( )) ! - zj,v(v(t)) 1) lJ>
1
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Time block wise estimation (2D+time)
» Synthetic multifractal time series: Multifractal Random Walk

~ Mandelbrot’s celebrated multiplicative cascades
> collection of 32 x 32 time series of length N = 2**

- piece-wise constant ¢, € {—0.02, —0.04} along time
1 —

0.75
0.5
0.25
0 —
0 -0.04 -0.02
Xm my® c,(0)

» Comparison of estimators for ¢,

> ns = 2%% windows of lengths L = {22 21 210 29 28}
- LF — univariate linear regression based estimation

- |G — univariate Bayesian estimation

- GaMRF — joint Bayesian estimator

[TIP15,ICASSP16]
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Time block wise estimation (2D+time)
estimates for ¢,: temporal evolution at slice m, = 16

ng=4/1=4096 ng=8/1=2048

IG

GaMRF
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Time block wise estimation (2D-+time)

estimates for ¢,: spatial cross-section at t = 0.5

nsﬂ /1L=4096 ns=8 /L=2048 n5=1 6/L=1024 ns=32/ L=512 ns=64/ L=256
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Time block wise estimation (2D-+time)

RMSE (50 independent realizations)

ns /L J[4/2%[8/2m[16/20 [32/2° [ 64/2°
LF 0.020 | 0.026 0.037 | 0.058 | 0.102
IG 0.011 | 0.013 0.018 | 0.024 [ 0.036
GaMRF || 0.008 | 0.008 0.009 | 0.009 | 0.013
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